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Abstract
Two graphs G and H with order n are said to be matching-equivalent if and only if the number of r-matchings (i.e., the number
of ways in which r disjoint edges can be chosen) is the same for each of the graphs G and H for each r, where 0rn. In this
paper, the new methods for constructing ‘matching-equivalent’ graphs are given, and some families of non-matching unique graphs
are also obtained.
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1. Introduction and terminology
All the graphs considered here are ﬁnite, undirected and simple. Let G denotes the complement of graph G, and
G1 ∪ G2 the union of two graphs G1 and G2 which have no common vertices. For any positive integer m, let graph
mG denotes the union of m disjoint copies of graph G. A matching of G is a spanning subgraph of G in which each
component is isolated vertex or isolated edge. r-matching is a matching with r edges. The matching which does not
contain isolated vertex is a perfect matching. In Ref. [3], Farrell deﬁnes the matching polynomial of graph G with order
n as follows:
M(G,W) =
∑
k0
p(G, k)xn−2kyk , (1)
where p(G, k) denotes the number of k-matching, and vector W = (x, y). x, y, respectively, being the weights of vertex
and edge. If y = −1, we get the matching polynomial of graph G deﬁned in [6], i.e.,
(G, x) =
∑
k0
(−1)kp(G, k)xn−2k . (2)
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It is clear that (1) and (2) are determined by each other. Hence, for (1) and (2), the following notions are identical.
Two graphs G and H are said to be matching equivalent, symbolically G ∼ H , if (G, x) = (H, x). A graph G is
said to be matching unique if HG whenever H ∼ G.
Many graceful properties of matching polynomial are given in [1,3–6]. For example,
Theorem (Godsil [6, Theorems 1.2.3] and Farrell and Whitehead [5, Theorem 3]).
(G, x) =
n/2∑
m=0
p(G,m)(Kn−2m, x).
This result implies that polynomials (G, x) and (G, x) are determined by each other. Hence, G ∼ H if and only if
G ∼ H , and G is matching unique if and only if G is matching unique.
It is an interesting problem to determine matching equivalent graphs for a given graph G [1,3,4]. There are the
matching equivalent graphs at teem. We, however, know less about the regularity of them which can be applied to
characterize the graphs (i.e., search for the graphs determined by same matching polynomials). In this paper, we give
some regularities by constructing ‘matching-equivalent’ graphs. Moreover, some families of non-matching unique
graphs are obtained as well.
Graph theoretical terms used but not deﬁned can be found in [2] and [6].
2. Preliminary lemmas
Lemma 1 (Godsil [6, Theorem 1.1.1]). The matching polynomial satisﬁes the following identities:
(i) (G ∪ H, x) = (G, x)(H, x);
(ii) (G, x) = x(G\u, x) −∑i∼u (G\ui, x), if u ∈ V (G).
Lemma 2. Let G be the union of the graphs H and K, and suppose that H ∩ K is a single vertex. If we denote this
vertex by v, then
(G, x) = (H\v, x)(K, x) + (H, x)(K\v, x) − x(H\v, x)(K\v, x).
Proof. By Lemma 1 (ii),
(G, x) = x(G\v, x) −
∑
i∼v
(G\vi, x)
= x[(H\v, x)(K\v, x)] −
∑
i∈V (H),i∼v
(H\vi, x)(K\v, x)
−
∑
i∈V (K),i∼v
(K\vi, x)(H\v, x)
= x[(H\v, x)(K\v, x)] + [(H, x) − x(H\v, x)](K\v, x)
+ [(K, x) − x(K\v, x)](H\v, x)
= (H, x)(K\v, x) + (K, x)(H\v, x) − x(H\v, x)(K\v, x). 
Let G˜ denote the complement of G in Kn,n (called bipartite complement of G) if G is a spanning subgraph
of Kn,n.
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Lemma 3 (Godsil [6, Theorem 1.3.1]). Let G be a spanning subgraph of Kn,n. Then the number of perfect matching
in G˜, bipartite complement of G, is equal to
p(G˜, n) =
∫ ∞
0
(G, x1/2)e−x dx.
Lemma 4. Let G be a spanning subgraph of Kn,n, then
(G, x) =
n∑
t=0
p(G˜, n − t)(Kt,t , x).
Proof. Since ˜Ks,s ∪ Kt,t = Ks,t ∪ Ks,t . Hence the number of perfect matching of ˜Ks,s ∪ Kt,t is equal to
p(Ks,t ∪ Ks,t , s + t) =
{
(s!)2 if s = t,
0 if s 	= t.
By Lemma 3, we have∫ ∞
0
(Ks,s, x
1/2)(Kt,t , x
1/2)e−x dx =
{
(s!)2 if s = t,
0 if s 	= t.
Since (G, x) is a even polynomial with degree 2n which can be linear expressed by system of polynomials (Kt,t , x),
t = 0, 1, 2, . . . , n}, i.e., (G, x) =∑nt=0 Ct(Kt,t , x), where (Ko,o, x) = 1. Hence
(G, x)(Ks,s, x) =
n∑
t=0
Ct(Ks,s, x)(Kt,t , x).
Therefore,∫ ∞
0
(G, x1/2)(Ks,s, x
1/2)e−x dx =
n∑
t=0
Ct
∫ ∞
0
(Ks,s, x
1/2)(Kt,t , x
1/2)e−x dx = Cs(s!)2. (3)
By Lemma 3, the left-hand side of (3) equals to the number of perfect matching of˜G ∪ Ks,s . This perfect matching
can be constructed by following two steps.
First step: Choosing a (n − s)-matching of G˜, we get p(G˜, n − s) different choices.
Second step: Pairwise matching 2s vertices of G˜ which are not matched in ﬁrst step with 2s vertices of K˜s,s , we get
(s!)2 different choices. Hence the number of perfect matching of ˜G ∪ Ks,s equals to p(G˜, n − s)(s!)2 which implies
that Cs = p(G˜, n − s). Thus,
(G, x) =
n∑
t=0
p(G˜, n − t)(Kt,t , x). 
3. The construction of matching-equivalent graphs
Construction I. Let m be a positive integer. For any two graphs G and H with u ∈ V (G) and v ∈ V (H). We construct
graphs (Gu − Hmv ) ∪ (m − 1)G(see Fig. 1) and (Hv − Gmu ) ∪ (m − 1)H (see Fig. 2).
We choose a copy of G in mG ∪ mH , and connect the vertex u of G to all the vertices v of mH. The resulting graph
is (Gu − Hmv ) ∪ (m − 1)G. Similarly, We choose a copy of H in mG ∪ mH , and connect the vertex v of H to all the
vertices u of mG. The resulting graph is (Hv − Gmu ) ∪ (m − 1)H .
Theorem 1. For any positive integer m,
((Gu − Hmv ) ∪ (m − 1)G, x) = ((Hv − Gmu ) ∪ (m − 1)H, x).
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Proof. By Lemma 1, for any positive integer m,
(Gu − Hmv , x) = x(G\u, x)[(H, x)]m −
∑
i∈V (G),i∼u
(G\ui, x)[(H, x)]m
− m(G\u, x)(H\v, x)[(H, x)]m−1
= [(H, x)]m(G, x) − m[(H, x)]m−1(G\u, x)(H\v, x).
Hence,
[(Gu − Hmv ) ∪ (m − 1)G, x]
= [(G, x)(H, x)]m − m[(G, x)(H, x)]m−1(G\u, x)(H\v, x)
= [(G, x)(H, x)]m−1[(G, x)(H, x) − m(G\u, x)(H\v, x)].
Similarly, we have
[(Hv − Gmu ) ∪ (m − 1)H, x] = [(G, x)(H, x)]m−1[(G, x)(H, x) − m(G\u, x)(H\v, x)]. 
Corollary 1. For positive integer m> 1, if graph G is not isomorphic to graph H, then graphs (Gu −Hmv )∪ (m−1)G
and (Gu − Hmv ) ∪ (m − 1)G are matching equivalence. Thus, both of them are not matching unique.
Construction II. Let m be a positive integer. For any two graphs G and H with u ∈ V (G) and v1, v2, . . . , vm ∈ V (H).
We construct graphs Gu − Hmv1,v2,...,vm (see Fig. 3) and (Gu − Hv1,v2,...,vm) ∪ (m − 1)H (see Fig. 4).
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We choose m copies of H in G ∪ mH which we label as 1, 2, . . . , m, and connect the vertex u of G to the vertex vi
of H with label i. The resulting graph is Gu − Hmv1,v2,...,vm . Similarly, We choose a copy of H in G ∪ mH , and connect
the vertex u of G to the vertices v1, v2, . . . , vm of H. The resulting graph is (Gu − Hv1,v2,...,vm) ∪ (m − 1)H .
Theorem 2. For any positive integer m,
(Gu − Hmv1,v2,...,vm, x) = ((Gu − Hv1,v2,...,vm) ∪ (m − 1)H, x).
Proof. By Lemma 1, for any positive integer m,
(Gu − Hmv1,v2,...,vm, x)
= x(G\u, x)[(H, x)]m −
∑
i∈V (G),i∼u
(G\ui, x)[(H, x)]m
−
m∑
k=1
(G\u, x)(H\vk, x)[(H, x)]m−1
= (G, x)[(H, x)]m −
m∑
k=1
(G\u, x)(H\vk, x)[(H, x)]m−1
= [(H, x)]m−1[(G, x)(H, x) − (G\u, x)
m∑
k=1
(H\vk, x)].
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And,
[(Gu − Hv1,v2,...,vm) ∪ (m − 1)H, x]
= [(H, x)]m−1[x(G\u, x)(H, x) −
∑
i∈V (G),i∼u
(G\ui, x)(H, x)
−
m∑
k=1
(G\u, x)(H\vk, x)]
= [(H, x)]m−1[(G, x)(H, x) − (G\u, x)
m∑
k=1
(H\vk, x)]. 
Corollary 2. For positive integer m> 1, graphs Gu − Hmv1,v2,...,vm and (Gu − Hv1,v2,...,vm) ∪ (m − 1)H are matching
equivalence. Thus, both of them are not matching unique.
Construction III. Let B be a connected graph. If there exist vertices u, v ∈ V (B) such that graphs B\u and B\v are
matching equivalence, and there is not automorphism map of graph B which maps vertex u onto vertex v, then we call
(B, u, v)(i.e., B) a graph factor of matching equivalence. For example, B1 (see Fig. 5 (B1, u, v)) is a graph factor of
matching equivalence.
Let G and H be two connected graph with u ∈ V (G) and v1, v2, . . . , vm ∈ V (H), where m> 1 is positive integer.
We construct graph B2 as follows (see Fig. 6).
We label the two copies of G in 2G ∪ mH as 1 and 2, resp., and the m copies of H in 2G ∪ mH as 1, 2, . . . , m,
resp. Connecting the vertex u of G with label 1 to all of vi (i = 1, 2, . . . , m) of H with label 1 and the vertex u (for
convenience, is also denoted by v in Fig. 6) of G with label 2 to the vertex vi of H with label i (i = 1, 2, . . . , m), we
get the graph B2.
It is easy to know that B2\u= (G\u)∪ (Gv −Hmv1,v2,...,vm) and B2\v = (G\v)∪ [(Gu −Hv1,v2,...,vm)∪ (m− 1)H ].
So, by Theorem 2 we deduce that B2\u ∼ B2\v. Since the number of the connected components of B2\u and B2\v
are different. Then there is not automorphism map of graph B2 which maps vertex u onto vertex v. Thus (B2, u, v) is
a graph factor of matching equivalence.
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For any two graphs X andY with u ∈ V (X) and v ∈ V (Y ), we shall denote by XuvY the graph obtained by identifying
vertex u of X with vertex v of Y.
Theorem 3. Let X be a graph with w ∈ V (X) and (B, u, v) a graph factor of matching equivalence, then
(XwuB, x) = (XwvB, x).
Proof. Theorem 3 follows directly by Lemma 2. 
Corollary 3. Let X be a graph with w ∈ V (X) and (B, u, v) a graph factor of matching equivalence, then graphs
XwuB and XwvB are matching equivalence. In particular, if graph X is a connected graph with at least two vertices,
and does not contain cut vertex, then both of XwuB and XwvB are not matching unique.
Proof. If graph X is a connected graph with at least two vertices, and does not contain cut vertex, then graph XwuB is
not isomorphic with graph XwvB. The result follows. 
Construction IV. Refer to the following theorem.
Theorem 4. Let G and H be two spanning subgraphs of Kn,n, if (G, x) = (H, x), then (G˜, x) = (H˜ , x).
Proof. By Lemma 4, the matching polynomials of G and G˜ are determined by each other. Hence the conclusion
holds. 
Corollary 4. Let G and H be two spanning subgraphs of Kn,n. And let graphs G and H be matching equivalent.
(1) Then graphs G˜ and H˜ are also matching equivalent.
(2) If graph G is not isomorphic with graph H, then both of G˜ and H˜ are not matching unique.
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